Given an orthogonal representation of a compact group, we show that any element of the connected component of the isometry group of the orbit space lifts to an equivariant isometry of the original Euclidean space.
Introduction
Given a metric space X, an isometry of X is defined as a bijection that preserves the distance function. The set Isom(X) of all isometries of X forms a group under composition, which is called the isometry group of X.
An early result [DW28] (see also [KN96, ) states that if X is connected and locally compact, then Isom(X), endowed with the compact-open topology, is also locally compact, and the isotropy group Isom(X) x is compact for each x ∈ X. Moreover, if X is itself compact, then so is Isom(X). Shortly thereafter, Myers and Steenrod proved that Isom(X) is a Lie transformation group when X is a Riemannian manifold, see [MS39] , [Kob95, page 41] . Generalizing this, Fukaya and Yamaguchi have shown [FY94] that Isom(X) is a Lie group whenever X is an Alexandrov space.
In the present article, we consider a special class of Alexandrov spaces. Namely, given a compact group G acting linearly by isometries on a Euclidean vector space V , the orbit space X = V /G is an Alexandrov space with curvature bounded from below by 0. A natural subgroup of Isom(V /G) consists of the isometries induced by the G-equivariant isometries of V , that is, isometries that commute with the G-action (see also Remark 2 below). Our main result is that, up to taking connected components, all isometries of V /G arise in this way:
Theorem A. Let V be an orthogonal representation space of the compact group G. Then, any element in the connected component Isom(V /G) 0 of the Lie group Isom(V /G) lifts to a G-equivariant isometry of V .
The proof consists of showing that every isometry of V /G that lifts to a diffeomorphism actually lifts to an isometry; and that every isometry in Isom(V /G) 0 lifts to a diffeomorphism. The second statement follows from two results about the smooth structure of V /G (in the sense of G. Schwarz), namely [AR17] , and [Sch80, Corollary (2.4)].
We note that elements of Isom(V /G)\Isom(V /G) 0 do not necessarily lift, and that Theorem A does not generalize from Euclidean spaces to general Riemannian manifolds. See Section 2 for details.
If the G-representation V has trivial factors, translations in such directions induce a closed, non-compact subgroup of Isom(V /G). On the other had, in the absence of trivial factors, every isometry of V /G must fix (the image of) the origin [GL14, Section 5.1], thus Isom(V /G) = Isom(SV /G) is compact, where SV ⊂ V denotes the unit sphere. In general, Isom(SV /G), identified with the isometries fixing the origin, forms a maximal compact subgroup of Isom(V /G).
Recall that every compact, connected Lie group is, up to a finite cover, a product of a torus and compact, simply-connected, simple Lie groups [BtD95, Theorem 8.1]. The latter are classified, and fall into two types: classical (SU(n), Spin(n), and Sp(n)), and exceptional (G 2 , F 4 , E 6 , E 7 , and E 8 ). As a corollary of Theorem A, we obtain the following structure result:
Theorem B. Let V be a representation of a compact Lie group G. Then, up to a finite cover, Isom(SV /G) 0 is isomorphic to a product of a torus and compact simple Lie groups of classical type.
As another corollary of Theorem A, we obtain:
Theorem C. Let V be an irreducible orthogonal representation of a compact Lie group G. Then Isom(V /G) 0 has rank at most one.
For a more detailed analysis of the case where V is irreducible, see the end of Section 3.
This article is organized as follows. Section 2 contains the proof of Theorem A and a few remarks. In Section 3 we extract some consequences of Theorem A with the help of Schur's Lemma, and in particular prove Theorems B and C.
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Lifting isometries
The proof of Theorem A uses the smooth structure of orbit spaces, in the sense of G. Schwarz [Sch80] . Given a G-manifold M, recall that a function M/G → R is defined to be smooth if its composition with the projection M → M/G is a smooth function on M in the usual sense; and that a map M/G → M ′ /G ′ is smooth if the pull back of smooth functions are smooth.
Proof of Theorem A. Let ϕ ∈ Isom(V /G) 0 . First we note that ϕ (as well as the isometries in a path connecting ϕ to the identity) may be assumed to fix the origin, see [GL14, Section 5.1].
By [AR17] , the action of Isom(V /G) 0 on V /G is smooth in the sense of Schwarz, and so, by [Sch80, Corollary (2.4)], ϕ lifts to a Gequivariant diffeomorphismφ of V that fixes the origin. To finish the proof it suffices to show that the differential dφ 0 at the origin is orthogonal and lifts ϕ.
Let λ > 0, and denote byr λ : V → V multiplication by λ, and by
Taking λ → 0, this converges to the differential dφ 0 , which is then a linear G-equivariant lift of ϕ. This implies that dφ 0 takes the unit sphere SV to itself, and in particular it is an orthogonal transformation.
Next we mention ways in which Theorem A can and cannot be extended.
Remark 1. The condition that ϕ be in the connected component of Isom(V /G) in the statement of Theorem A is necessary. For an example of a non-liftable isometry, consider G = SO(2) × SO(3) and its natural product action on R 2 × R 3 . The quotient is a sector of angle π/2 in the plane, that is, [0, ∞) × [0, ∞), and its only non-trivial isometry is the reflection across the bisecting ray. This does not lift to an isometry of R 2 × R 3 , because any such lift would have to swap two singular orbits isometric to a 2-sphere and a circle, which is clearly impossible. A more subtle example is the outer tensor product action of G on R 2 ⊗R 3 . Here the quotient (R 2 ⊗ R 3 )/G is isometric to a sector of angle π/4, and the isotropy groups along the two boundary rays are isomorphic to SO(2) and SO(2) × Z 2 (see third line of Table E in [GWZ08] ). This means that the corresponding singular orbits are not diffeomorphic, so that the non-trivial isometry of (R 2 ⊗ R 3 )/G cannot lift.
Remark 2. There is a natural class of isometries of V , larger than the group of G-equivariant isometries considered in Theorem A, which descend to isometries of V /G. It is given by the normalizer N(G) of the image of G in O(V ). Remark 1 above shows that in general not every isometry of the quotient lifts to N(G).
However, when G is finite, N(G) does induce all isometries ϕ of V /G that fix the origin, that is, all isometries of SV /G. Indeed, the projection π : SV → SV /G and the map ϕ • π : SV → SV /G are universal orbifold coverings, hence ϕ lifts to an isometry f : SV → SV (see [Thu80,  Chapter 13] and [Lan20] ). Since the image of G in O(V ) and its conjugate by f are orbit-equivalent finite subgroups of O(V ), they must coincide, that is, f normalizes G.
Remark 3. The conclusion of Theorem A may fail if the Euclidean space V (or the round sphere SV ) is replaced with a general Riemannian manifold. Indeed, consider the torus M = S 1 × S 1 with coordinates x, y, endowed with a warped product metric dx 2 + ρ(x)dy 2 . Then G = S 1 acts by isometries, with orbit space M/G = S 1 . If the warping factor ρ is not constant, that is, if the G-orbits do not all have the same length, then not every isometry in Isom(M/G) 0 = S 1 lifts to an isometry of M.
Computing the connected component of the isometry group
Let V be an orthogonal representation of the compact group G, and assume for simplicity that V has no trivial factors, which is equivalent to Isom(V /G) being compact. Denote by Isom G (V ) the group of all G-equivariant isometries of V . Any element in this group descends to an isometry of the quotient, so we have a group homomorphism Isom G (V ) → Isom(V /G). Theorem A implies that the restriction to the identity component Isom G (V ) 0 gives a surjective group homomorphism
This points to a strategy for computing the isomorphism type of Isom(V /G) 0 , namely:
(a) Determine the group Isom G (V ) 0 , and (b) Determine the normal subgroup ker(p).
Task (a) is easily achieved using Schur's Lemma (see, for example, [BtD95, page 69]). More precisely, one first decomposes
Each V i is of real, complex, or quaternionic type, according to whether the skew field Hom G (V i , V i ) is isomorphic to R, C, or H (see [BtD95,  II.6]). One then has the corresponding decomposition
with each H i isomorphic to SO(n i ), U(n i ), or Sp(n i ), according to the type of V i .
Proof of Theorem B. First assume V has no trivial factors. By the discussion above, the Lie algebra of Isom(SV /G) = Isom(V /G) is the quotient of a Lie algebra h by an ideal I, where h is the direct sum of a Abelian factor a with a finite number of simple Lie algebras isomorphic to so(n), su(n), or sp(n). Then I must be equal to the direct sum of some subspace of a with a finite collection of the simple factors of h, by uniqueness of simple ideals. Thus the quotient h/I has the desired form.
For general V , one uses a similar argument as above, the only difference being that one only considers those G-equivariant isometries of V that fix the origin.
Task (b) can be approached using the characterization of ker(p) as the largest subgroup L of Isom G (V ) 0 with the property that the natural action of L × G on V is orbit-equivalent to the original G-action. This leads to the following relationship with the presence of boundary (that is, codimension-one strata) in the orbit space:
Proposition 4. Let G be a compact group, V an orthogonal G-representation without trivial factors, and p : Isom G (V ) 0 → Isom(V /G) 0 the surjective homomorphism considered in (1) above. Assume G and G × ker(p) have distinct images in O(V ). Then V /G has boundary.
Proof. Let x ∈ SV be a principal point for the actions of both G and G := G × ker(p). Since these actions are orbit-equivalent, we have in particular G · x =Ĝ · x. These are naturally identified with G/G x andĜ/Ĝ x , which, together with the assumption that G andĜ have distinct images in O(V ), implies that the principal isotropy groupĜ x acts non-trivially on V . In other words, the fixed-point set VĜ x is a proper subspace of V , so that we have a non-trivial Luna-Richardson type reduction [LR79]
By [GL14, Proposition 1.1], the orbit space V /G has boundary.
Example 5. Consider the Hopf action of G = U(1) on V = R 4 = C 2 . As a representation, V decomposes as the direct sum of two copies of the irreducible representation, of complex type, of G on R 2 = C. By Schur's Lemma, Isom G (V ) 0 is isomorphic to U(2). The quotient SV /G is isometric to the 2-sphere of radius 1/2, and hence Isom(V /G) 0 = Isom(SV /G) 0 is isomorphic to SO(3). Thus the map p in Equation (1) corresponds to the quotient of U(2) by its center:
Even though ker(p) is non-trivial and SV /G has no boundary, this does not contradict Proposition 4, because G and G × ker(p) have the same image in O(4).
We conclude by specializing the discussion in this section to the case where V is irreducible, and in particular prove Theorem C.
If V is of real type, then Isom(V /G) 0 is a quotient of SO(1), hence trivial. That is, Isom(V /G) is a finite group.
If V is of complex type, then Isom(V /G) 0 is a quotient of U(1), hence either trivial, or isomorphic to U(1). Both cases occur. For example, if G is finite, then Isom(V /G) 0 ∼ = U(1), because G and U(1) × G cannot be orbit-equivalent. On the other hand, the representation of U(1) × G on V is still irreducible of complex type, and Isom(V /(U(1) × G)) 0 is trivial.
If V is of quaternionic type, then Isom(V /G) 0 is a quotient of Sp(1), hence either trivial, or isomorphic to either Sp(1) or SO(3). It can be shown that Isom(V /G) 0 is trivial only when V /G is isometric to [0, ∞). The proof uses Proposition 4 and the classification of irreducible representations of simple Lie groups whose orbit spaces have boundary, see [GKW] for details.
